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The idea of the work

Swaps and options on quadratic variation recently became aery
popular instrument at nancial markets.
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The idea of the work

Swaps and options on quadratic variation recently became aery
popular instrument at nancial markets.

Great popularity (and, accordingly, liquidity) of varianc e swaps
relative to, say, volatility swaps is due to the fact that it i s easier
to hedge variance swaps with a strip of options up and down the
strike scale.

The real value accounts for the fact that some strikes are lss
liquid, making it more di cult to hedge.

When replicating variance swaps (a log contract) at least thee
sources of errors could occur in practice:
1. The analytical error due to jumps in the asset price.

2. Interpolation/extrapolation error from the nite optio n quotes
available to the continuum of options needed in the replicaibn.

3. Errors in computing the realized return variance.
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The idea of the work

Swaps and options on quadratic variation recently became aery
popular instrument at nancial markets.

Great popularity (and, accordingly, liquidity) of varianc e swaps
relative to, say, volatility swaps is due to the fact that it i s easier
to hedge variance swaps with a strip of options up and down the
strike scale.

The real value accounts for the fact that some strikes are lss
liquid, making it more di cult to hedge.

When replicating variance swaps (a log contract) at least thee
sources of errors could occur in practice:
1. The analytical error due to jumps in the asset price.

2. Interpolation/extrapolation error from the nite optio n quotes
available to the continuum of options needed in the replicaibn.

3. Errors in computing the realized return variance.

Going from hedging to modeling, we come up to a known
observation that simple models are not able to replicate theorice
of the quadratic variation contract for all maturities.
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The idea of the work (continue)

Therefore, one can see a steadfast interest to applying more
sophisticated jump-di usion and stochastic volatility mo dels to
pricing swaps and options on the quadratic variation. Among
multiple papers on the subject, note the following:
Schoutens(2005), Carr & Lee (2003), Carr, Geman, Madan, Yor
(2005), Gatheral & Friz (2005).
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A similar class of models uses stochastic time change and,us,
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methods are used to price the quadratic variation products whin
these models.
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Therefore, one can see a steadfast interest to applying more
sophisticated jump-di usion and stochastic volatility mo dels to
pricing swaps and options on the quadratic variation. Among
multiple papers on the subject, note the following:
Schoutens(2005), Carr & Lee (2003), Carr, Geman, Madan, Yor

(2005), Gatheral & Friz (2005).

A similar class of models uses stochastic time change and,us,
operates with time-changed Levy processes. Usually, Mont€arlo
methods are used to price the quadratic variation products whin
these models.

Analytical and semi-analytical (like FFT) results are available only
for simplest models. For instance, Swichchuk (2004) uses ¢h
change-of-time method for the Heston model to derive explit
formulas for variance and volatility swaps for nancial markets
with stochastic volatility following the CIR process. Also Carr et
all (2005) proposed a method of pricing options on quadratic
variation via the Laplace transform, but this methods has sane
serious pitfalls.

Itkin, Carr, Pricing swaps and options on quadratic variati on..., 14th Annual CAP Workshop, 2007. - p. 3/41



The idea of the work (continue)

Therefore, one can see a steadfast interest to applying more
sophisticated jump-di usion and stochastic volatility mo dels to
pricing swaps and options on the quadratic variation. Among
multiple papers on the subject, note the following:
Schoutens(2005), Carr & Lee (2003), Carr, Geman, Madan, Yor

(2005), Gatheral & Friz (2005).

A similar class of models uses stochastic time change and,us,
operates with time-changed Levy processes. Usually, Mont€arlo
methods are used to price the quadratic variation products whin
these models.

In the present paper we consider a class of models that are kwa
to be able to capture at least the average behavior of the impéd
volatilities of the stock price across moneyness and matus -
time-changed Levy processes. We derive an analytical exmsion
for the fair value of the quadratic variation and volatility swap
contracts as well as use the approach similar to that of Carr &
Madan (1999) to price options on these products.
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Quadratic variation

Quadratic variation of the stochastic processs; is de ned as follows

! " I# #
X St. 2
QV (st) = Eq log '

i=1

(1)
Stj 1
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Quadratic variation

Quadratic variation of the stochastic processs; is de ned as follows

! " I# #
X St. 2
QV (st) = Eg log :
i=1

In case ofN discrete observations over the life of the contract with
maturity T, annualized quadratic variation of the stochastic

processs; is then

(1)

Stj 1

" y N " 1 2# S

_ Sy .

QVi(s)= Eo log St" = TV (s) 2)
i=1 i 1

wherek is the number of observations per year.

Itkin, Carr, Pricing swaps and options on quadratic variati on..., 14th Annual CAP Workshop, 2007. - p. 5/41



Quadratic variation

Quadratic variation of the stochastic processs; is de ned as follows

"X“ " o I# 2#
QV (st) = Eq log :

In case ofN discrete observations over the life of the contract with

maturity T, annualized quadratic variation of the stochastic

processs; is then

(1)

Stj 1

" y N " 1 2# S

_ Sy .

QVi(s)= Eo log St" = TV (s) 2)
i=1 i 1

wherek is the number of observations per year.

Suppose the observations are uniformly distributed ove(O; T)
with =1t ¢t 1=-const;8 =1;N. Then

ey A0 !
'[) T Q (Sti Sti 1) ) (3)
i=1
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Forward characteristic function

Quadratic variation is often used as a measure of realized vance.
Moreover, modern variance and volatility swap contracts infact
are written as a contract on the quadratic variation becausa) this
IS a quantity that is really observed at the market, and ii) for

models with no jJumps the quadratic variance exactly coincies
with the realized variance.
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Forward characteristic function

As shown by Hong (2004) an alternative representation of the
guadratic variation could be obtained via a forward characeristic
function. The idea is as follows.

Let us de ne a forward characteristic function
yA 1

o1 Eglexp(ius ¢t )jSo; o] e" qur (s)ds; (4)
1

wheresi.t = st St and g.t Is the Q-density of st conditional
on the initial time state

gt (S)ds  Q(stt 2 [s;s + dS)jsp): (5)
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Forward characteristic function

As shown by Hong (2004) an alternative representation of the

guadratic variation could be obtained via a forward characeristic
function. The idea Is as follows.

Let us de ne a forward characteristic function

Z,

o1 Eglexp(ius ¢t )jSo; o] e" qur (s)ds; (4)
1

wheresi.t = st St and g.t Is the Q-density of st conditional
on the initial time state

gt (S)ds  Q(stt 2 [s;s + dS)jsp): (5)
From Eqg. (3) and Eq. (4) we obtain

X h i

_ 1 2 1
QV (st) T 1 Eo (st; st 1) = T Eo St (6)
i =

EX\I @ ti st 1(U) .
T i1 @Lf u=0
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Analytical expression for the forward characteristic
function
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Forward characteristic function

Let us rst remind that a general Lévy process Xy has its characteristic function
represented in the form

h i
x (W)= Eq e T =e T xU; ()

where «(u) is known as a Lévy characteristic exponent.
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Let us rst remind that a general Lévy process Xy has its characteristic function
represented in the form

h [
x (W)= Eq e T =e T xU; ()

where «(u) is known as a Lévy characteristic exponent.

For time-changed Lévy process, Carr and Wu (2004) show thatt he generalized
Fourier transform can be converted into the Laplace transfo rm of the time change
under a new, complex-valued measure, i.e. the time-changed processY; = X1, has

the characteristic function
h [ [
v (U)= Eq e =By e 't XM =L x(u); (8)

where the expectation and the Laplace transform are compute d under a new
complex-valued measure M.
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represented in the form

h [
x (W)= Eq e T =e T xU; ()

where «(u) is known as a Lévy characteristic exponent.

For time-changed Lévy process, Carr and Wu (2004) show thatt he generalized
Fourier transform can be converted into the Laplace transfo rm of the time change
under a new, complex-valued measure, i.e. the time-changed processY; = X1, has

the characteristic function
h [ [
v (U)= Eq e =By e 't XM =L x(u); (8)

where the expectation and the Laplace transform are compute d under a new
complex-valued measure M.

The measure M is absolutely continuous with respect to the risk-neutral m easure Q
and is de ned by a complex-valued exponential martingale

Dt (u) am =exp[ uY t + Ty x(u)l; (9)
dQ T

where Dt is the Radon-Nikodym derivative of the new measure with resp ect to the
risk neutral measure up to time horizon T.
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FCF (continue)

Further we again follow to the idea of Hong (2004). For the pro cess Eg. (7) we need
to obtain the forward characteristic function which is

- (u) EQ eiu (st st) Fo = eiu (r g)T t)EQ eiu (YT Yi) Fo ; (10)

where t< T .
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FCF (continue)

Further we again follow to the idea of Hong (2004). For the pro cess Eg. (7) we need
to obtain the forward characteristic function which is

eT (u) EQ eiu (st st) Fo = eiu (r g)XT t)EQ eiu (YT Yi) Fo ; (10)
where t<T .
From the Eqg. (10) one has
h [ h h . i
Eo e Y1 YO g, = Eq Eg e" (Y1 Yi) g, (11)

- N
= Eg el (Y1 Ye)r( T Tyt) x(u) (Tt Tyg) x(u) Ft”

h h Ii

MT e (T TO xW B 2 gy By e (TT TO x()

E —e

For Markovian arrival rates the inner expectation will be a function of (t) only.
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FCF (continue)

Further we again follow to the idea of Hong (2004). For the pro cess Eqg. (7) we need
to obtain the forward characteristic function which is

eT (u) EQ eiu (st st) Fo = eiu (r g)T t)EQ eiu (YT Yi) Fo ; (10)
where t<T .
From the Eg. (10) one has
h i h h . i
Eo alt (YT Yi) Fo = Eo Eg et (YT Yi) g (11)
h h i
- Eo Eo €M (YT YOH TT To x(w) (T1 To) x(u -
M h h i
= EQ M_Te (Tt T¢t) x(u) = - EQ El\/l e (Tt T¢) x(u) Fy
t

For Markovian arrival rates the inner expectation will be a function of (t) only.

Now let us consider a time-homogeneous time-change processes, for instance, CIR
process with constant coe cients. With the allowance of the Eqg. (8) the last

expression could be rewritten as
Eq By e TT T) xtWgr =gy By e xMW 0 8 = Fy LY () o 12

where T t.
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Af ne arrival rates
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Af ne rates

Now for all the arrival rates that are a ne, the Laplace trans form LY ( x(u)) is also
an exponential a ne function in t

LY ( xu)=exp[ (; x@u)+ (; x@u) tl; (13)
and hence
iu (r ) h iu (Y Y +) ! iu (r ) h i
eT (u)= e YV Eg e"V'T T E, =& YV Eq expl (; xu)+ (; x@) ¢l o
(14)
h

_ _ _ i . _
CoQu oA o (G X(u))EQe(' x (U)) ¢ o = el (r a) o (i x(u) cC0 G x) o)

Here as () we denote the generalized characteristic function of the ac tivity rate
process under the risk neutral measure Q.
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Af ne rates

Now for all the arrival rates that are a ne, the Laplace trans form LY ( x(u)) is also
an exponential a ne function in t

LY ( xu)=exp[ (; x@u)+ (; x@u) tl; (13)
and hence
iu (r ) h iu (Y Y +) ! iu (r ) h i
eT (u)= e YV Eg e"V'T T E, =& YV Eq expl (; xu)+ (; x@) ¢l o
(14)
h

_ _ _ i . _
_oQu (o) o (G X(u))EQe(' x (U)) ¢ o = el (r a) o (i x(u) TG x(u) 1)

Here as () we denote the generalized characteristic function of the ac tivity rate
process under the risk neutral measure Q.

Example: CIR clock change. In the case of the CIR clock change the conditional
Laplace transform (or moment generation function) of the ClI R process

th (V)= Eq e Ytrh yo o v 0 (15)

can be found in a closed form (Heston). Since ¢ in our case is a positive process, the
conditional Laplace transform characterizes the transiti on between datest and t + h
(Feller 1971).
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CIR clock change

CIR process

d¢= ( t)dt + 1 dZ ¢ (16)
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CIR clock change

CIR process
d = ( od+ P 7dz (16)
Therefore, from the Eg. (16) we obtain
h i
g7 (U)=exp u(r q + (; x(u) at  (; x(u)) o bt (; x(u) : (@17

Now, expressions for (; x(u)) and (; x(u)) inthe case of the CIR time-change
have been already found in Carr & Wu (2004) and read

2 x(wld e )

rX = 18
Goxw= o 18)
o 0 ! #
(; x(u)= —5 2log 1 @ e )+ )
where 2=( )2+2 ,(u) %, Q= iu and is a constant volatility rate of

the di usion component of the process.
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CIR clock change

CIR process

dt= ( g)dt + 1 dZ ¢ (16)

Therefore, from the Eg. (16) we obtain
h i
g7 (U)=exp u(r q) + (; x(u) at (5 x() o bt (5 x(u)) : (17

Now, expressions for (; x(u)) and (; x(u)) inthe case of the CIR time-change
have been already found in Carr & Wu (2004) and read

2 x(wld e )

» X = 18
Goxw= o 18)
Q Q | #
(; x(u)= —5 2log 1 @ e )+ )
where 2=( )2+2 ,(u) %, Q= iu and is a constant volatility rate of

the di usion component of the process.

Further let us have a more close look at the Eq. (8). Suppose th e distance between
any two observations at time t; and t; 1 is one day. Suppose also that these
observations occur with no weekends and holidays. Then ; tj t; 1 = = const.
Further we have to use the Eq. (17) with t=t; 1 and T = t;, substitute it into the
Eg. (8), take second partial derivative and put u=0.
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Asymptotic method
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Asymptotic method

A detailed analysis of the Eq. (17) shows that the time interv al enters this equation
only as a product or (r Q) .
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Asymptotic method

A detailed analysis of the Eq. (17) shows that the time interv al enters this equation
only as a product or (r Q) .

Now we introduce an important observation that usually 1. Indeed, according
to the results obtained for the Heston model calibrated to th e market data the value
of the mean-reversion coe cient lies in the range 0:01 30. On the other hand, as
it was already mentioned, we assume the distance between any two observations at

time t; and t; ; to be one day, i.,e = 1=365. Therefore, the assumption 1is
provided with a high accuracy.
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Asymptotic method

A detailed analysis of the Eq. (17) shows that the time interv al enters this equation
only as a product or (r Q) .

Now we introduce an important observation that usually 1. Indeed, according
to the results obtained for the Heston model calibrated to th e market data the value
of the mean-reversion coe cient lies in the range 0:01 30. On the other hand, as
it was already mentioned, we assume the distance between any two observations at
time t; and t; ; to be one day, i.,e = 1=365. Therefore, the assumption 1is
provided with a high accuracy.

The above means that our problem of computing OQti;ti + )(u=0) has two small
parameters - u and . And, in principal, we could produce a double series expansi on
of 9Qti;ti + ) on both these parameters. However, to make it more transpare nt, let
us expand the Eq. (17) rst into series on up to the linear terms (that can also be
done with Mathematica).
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Asymptotic method

A detailed analysis of the Eq. (17) shows that the time interv al enters this equation
only as a product or (r Q) .

Now we introduce an important observation that usually 1. Indeed, according
to the results obtained for the Heston model calibrated to th e market data the value
of the mean-reversion coe cient lies in the range 0:01 30. On the other hand, as
it was already mentioned, we assume the distance between any two observations at
time t; and t; ; to be one day, i.,e = 1=365. Therefore, the assumption 1is
provided with a high accuracy.

The above means that our problem of computing OQti;ti + )(u=0) has two small
parameters - u and . And, in principal, we could produce a double series expansi on
of 9Qti;ti + ) on both these parameters. However, to make it more transpare nt, let
us expand the Eq. (17) rst into series on up to the linear terms (that can also be
done with Mathematica).

Eventually for CIR clock change we arrive at the following re  sult

@ ot 1 (U) @ x(u) A -
A = i o( ? 19
@LF u =0 @LF u =0 * + o) (19)
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Asymptotic method

A detailed analysis of the Eq. (17) shows that the time interv al enters this equation
only as a product or (r Q) .

Now we introduce an important observation that usually 1. Indeed, according
to the results obtained for the Heston model calibrated to th e market data the value
of the mean-reversion coe cient lies in the range 0:01 30. On the other hand, as
it was already mentioned, we assume the distance between any two observations at
time t; and t; ; to be one day, i.,e = 1=365. Therefore, the assumption 1is
provided with a high accuracy.

The above means that our problem of computing OQti;ti + )(u=0) has two small
parameters - u and . And, in principal, we could produce a double series expansi on
of 9Qti;ti + ) on both these parameters. However, to make it more transpare nt, let
us expand the Eq. (17) rst into series on up to the linear terms (that can also be
done with Mathematica).

Then from the Eq. (6) we obtain

Visy= L @ G o) 1ZT( OB TR (19)
YT i=1 @ u=0 T o o °

00
= x)y©@ +( o )
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Some examples

Itkin, Carr, Pricing swaps and options on quadratic variati on..., 14th Annual CAP Workshop, 2007. - p. 15/41



CIR clock change. Examples

Heston model. Let us remind that the familiar Heston model can be treated as the

pure continuous Lévy component (pure lognormal diusion pr  ocess) with =1 under
the CIR time-changed clock. For the continuous di usion pro  cess the characteristic
exponent is (see, for instance, Carr & Wu (2004)) (U= iu + 2u2=2, therefore

( X)ﬂO(O) =1 . Thus, we arrive at the well-known expression of the quadrat ic variation
under the Heston model (see, for instance, Swishchuk (2004) )

_ 1 e |
QV (st)= +( o )T— (20)
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CIR clock change. Examples

SSM model. According to Carr & Wu (2004) let us consider a class of models that are
known to be able to capture at least the average behavior of th e implied volatilities of
the stock price across moneyness and maturity. We use a compl ete stochastic basis
de ned on a risk-neutral probability measure  Q under which the log return obeys a
time-changed Lévy process

R R

St log St=Sg =(r g)t + LTR L L
t

TS o+ LrL Tv (20)

where r; q denote continuously-compounded interest rate and dividen d yield, both of
which are assumed to be deterministic; LR and L' denote two Lévy processes that
exhibit right (positive) and left (negative) skewness resp ectively; TR and T} denote
two separate stochastic time changes applied to the Lévy com ponents; R and L are
known functions of the parameters governing these Lévy proc esses, chosen so that the
exponentials of L$R RTR and L#L LTL are both Q martingales. Each Lévy

t t
component can has a di usion component, and both must have aj ump component to
generate the required skewness.
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CIR clock change. Examples

SSM model. According to Carr & Wu (2004) let us consider a class of models that are
known to be able to capture at least the average behavior of th e implied volatilities of
the stock price across moneyness and maturity. We use a compl ete stochastic basis
de ned on a risk-neutral probability measure  Q under which the log return obeys a
time-changed Lévy process

R R

St log St=Sg =(r g)t + LTR L L
t

TtR + LT L T{‘ ; (20)
t

where r; q denote continuously-compounded interest rate and dividen d yield, both of

which are assumed to be deterministic; LR and L' denote two Lévy processes that

exhibit right (positive) and left (negative) skewness resp ectively; TtR and TtL denote

two separate stochastic time changes applied to the Lévy com ponents; R and ' are
known functions of the parameters governing these Lévy proc esses, chosen so that the

exponentials of L$R RTR and L#L LTL are both Q martingales. Each Lévy

t t
component can has a di usion component, and both must have aj ump component to
generate the required skewness.

First, by setting the unconditional weight of the two Lévy co mponents equal to each other, we can
obtain an unconditionally symmetric distribution with fat tails for the currency return under the
risk-neutral measure. This unconditional property captur es the relative symmetric feature of the
sample averages of the implied volatility smile. Second, by applying separate time changes to the
two components, aggregate return volatility can vary over t ime so that the model can generate
stochastic volatility. Third, the relative weight of the tw o Lévy components can also vary over time

due to the separate time change
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SSM - continue

For model design we make the following decomposition of the t wo Lévy components
in the Eq. (20)

(21)
where (WR ;W) denote two independent standard Brownian motions and ( JR;J})
denote two pure Lévy jump components with right and left skew ness in distribution,
respectively.
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SSM - continue

For model design we make the following decomposition of the t wo Lévy components
in the Eq. (20)

L =38+ Rwfy Lp=a0+ twl (21)
where (WR ;W) denote two independent standard Brownian motions and ( JR;J})
denote two pure Lévy jump components with right and left skew ness in distribution,
respectively.

We assume a di erentiable and therefore continuous time cha nge and let

R @ L @y

‘ @t @t
denote the instantaneous activity rates of the two Lévy comp onents. By de nition
TR; Tt have to be non-decreasing semi-martingales.

(22)
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SSM - continue

For model design we make the following decomposition of the t wo Lévy components
in the Eq. (20)

(21)

where (WR ;W) denote two independent standard Brownian motions and ( JR;J})
denote two pure Lévy jump components with right and left skew ness in distribution,
respectively.

We assume a di erentiable and therefore continuous time cha nge and let

R @ L @y

t @t @t
denote the instantaneous activity rates of the two Lévy comp onents. By de nition
TR; Tt have to be non-decreasing semi-martingales.

(22)

We model the two activity rates as a certain a ne process. For instance, it could be a
square-root processes of Heston (1993)

q —
d l = R(R Byaa+ R RazR, (23)
q

dy = S8 pyde+ b Lazp

where in contrast to Carr & Wu (2004) we don't assume uncondit ional symmetry
and therefore use di erent mean-reversion , long-run mean and volatility of
volatility parameters for left and right activity rates.
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SSM - continue

We assume a di erentiable and therefore continuous time cha nge and let

R @ L @y

t @t , t @t '
denote the instantaneous activity rates of the two Lévy comp onents. By de nition
TR; Tt have to be non-decreasing semi-martingales.

(21)

We model the two activity rates as a certain a ne process. For Instance, it could be a
square-root processes of Heston (1993)

d R = R(R Rya+ R RazR, (22)

q —
dy = S8 pa+ t

where in contrast to Carr & Wu (2004) we don't assume uncondit ional symmetry
and therefore use di erent mean-reversion , long-run mean and volatility of
volatility parameters for left and right activity rates.

We allow the two Brownian motions ( W[ ;W ) in the return process and the two
Brownian motions ( ZR; ZtL ) in the activity rates to be correlated as follows,

Rdt = Eqldw Rdz 1, “dt = Egldw - dz I: (23)

The four Brownian motions are assumed to be independent othe rwise.
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SSM (continue)

Now assuming that the positive and negative jump components are driven by two

di erent CIR stochastic clocks as in the Eq. (16), it could be  shown in exactly same

way as we did for the single time process, that the annualized fair strike QV (st)(T) is

now given by the expression
2

2
3 R, 3

R R)1 e 5 .

Lt
5+( Ry 4 Ra( §

V(s)T)=( LHp@4 b+t b
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SSM (continue)

Now assuming that the positive and negative jump components are driven by two

di erent CIR stochastic clocks as in the Eq. (16), it could be  shown in exactly same
way as we did for the single time process, that the annualized fair strike QV (st)(T) is
now given by the expression

2 L
_ 1 T 1
V(s )AT)=( 5y @4+ 5 b 5 Riy@4 R+( 8 R—° s

2
3 RT3

So now we have two independent mean-reversion rates and two | ong-term run

coe cients that can be used to provide a better t for the long -term volatility level
and the short-term volatility skew, similar to how this is do  ne in the multifactor
Heston (CIR) model.
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Numerical experiments
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Fair strike of the quadratic variation for three models

Heston model An expression for the characteristic exponent of the Heston model

reads
: 1 29
x (U) = iu + > u®; (25)
therefore  QQu)ju=0 = 2.
The Heston model has 5 free parameters ; ; ; ;v ¢ that can be obtained by

calibrating the model to European option prices. In doing so one can use an FFT
method as in Carr and Madan (1999).

Itkin, Carr, Pricing swaps and options on quadratic variati on..., 14th Annual CAP Workshop, 2007. - p. 20/41



Fair strike of the quadratic variation for three models

Heston model An expression for the characteristic exponent of the Heston model

reads
. 1 29
x (U) = u +§ u®; (25)
therefore  QQu)ju=0 = 2.
The Heston model has 5 free parameters ; ; ; ;v ¢ that can be obtained by

calibrating the model to European option prices. In doing so one can use an FFT
method as in Carr and Madan (1999).

SSM model. To complete the description of the model we specify two jump
components J- and JR using the following speci cation for the Lévy density (Carr &
Wu (2004))

8 L 8
< R Xi=E L 1. : <0; 0;
Rx)= © b x] ! S )= i xj= L 7
- 0; x< O - Le I jx] L x< O
(26)
so that the right-skewed jump component only allows up jumps  and the left-skewed
jump component only allows down jumps. We use di erent param eters ; j 2 R”

which is similar to CGMY model. Depending on the magnitude of  the power
coe cient the sample paths of the jump process can exhibit nite activi ty ( < 0),

in nite activity with nite variation ( 0< < 1), orinnite variation ( 1< < 2).
Therefore, this parsimonious speci cation can capture a wi de range of jump behaviors.
Further we put = 1, so the jump speci cation becomes a nite-activity compoun d

iy LSS BRI ARESS MU A0, GxRaReHal jJump size QIStHRULOR cB8SWRsKP bt IF)ou:



Fair strike of the quadratic variation for three models

For such Lévy density the characteristic exponent has the fo llowing form

2 3
1 _R
f(u)y= i R4 —— L5+ K 27)
1 iu j 1 j
1 LS
L _q L J L
(u) = iu 4 S+ (u)
X 1+ u - 1+ L d

] j

K(u) = %( “)2(iu + u?); k = LR,

where 5(u) Is the characteristic exponent for the concavity adjusted d i usion

component W 3 Zt.
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Fair strike of the quadratic variation for three models

For such Lévy density the characteristic exponent has the fo llowing form

2 = 3
1 .
R — : R J R
x (U)=iu 41 —r ] SRS CY (27)
J J
2 . 3
1 .
L _ i, Lg ] 5 L
ACUSEE 1+ ju & 1+ - foalw

] j

K(u) = %( “)2(iu + u?); k = LR,

where 5(u) Is the characteristic exponent for the concavity adjusted d i usion

component W 3 Zt.

Thus, form Eq. (27) we nd that ( ¥)°0) ( ¥)*+2 knf; k= LR.
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Fair strike of the quadratic variation for three models

For such Lévy density the characteristic exponent has the fo llowing form

2 = 3
1 .
R — . R J R
x (U)=iu 41 —r ] SRS CY (27)
J J
2 . 3
1 .

L _ i, Lg ] 5 L
ACUSEE 1+ ju & 1+ - foalw

] j

K(u) = %( “)2(iu + u?); k = LR,

where 5(u) Is the characteristic exponent for the concavity adjusted d i usion

component W 3 Zt.

Thus, form Eq. (27) we nd that ( ¥)°0) ( ¥)*+2 knf; k= LR.

Overall, the SSM model has 16 free parameters
ko kK kv Kk jk; k = L;R that can be obtained by calibrating the model
to European option prices, again using the FFT method.
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Fair strike of the quadratic variation for three models

NIG-CIR. The normal inverse Gaussian distribution is a mixture of nor mal and inverse
Gaussian distributions. The density of a random variable th  at follows a NIG

distribution X NIG (; ;; ) is given by (see Barndorf-Nielse (1998))
o + (x ) q
fnig (XG5 )= —¢§ K1 2 +(x )2 (28)
d2 +( x )2

where K 1(w) is the modi ed Bessel function of the third kind.
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Fair strike of the quadratic variation for three models

NIG-CIR. The normal inverse Gaussian distribution is a mixture of nor mal and inverse
Gaussian distributions. The density of a random variable th  at follows a NIG

distribution X NIG (; ;; ) is given by (see Barndorf-Nielse (1998))
o + (x ) q
fnig (XG5 )= —¢§ K1 2 +(x )2 (28)
d2 +( x )2

where K 1(w) is the modi ed Bessel function of the third kind.

As a member of the family of generalized hyperbolic distribu tion, the NIG
distribution is in nitely divisible and thus generates a Le vy process (Lt)t o. For an
increment of length s, the NIG Levy process satis es

Li+s Lt NIG( ;;s;s ) (29)
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Fair strike of the quadratic variation for three models

NIG-CIR. The normal inverse Gaussian distribution is a mixture of nor mal and inverse
Gaussian distributions. The density of a random variable th  at follows a NIG

distribution X  NIG (; ; ; ) is given by (see Barndorf-Nielse (1998))
et o(x) q
Frre (255 59 )= —4 K1 2 +(x )2 (28)
d2 +( X )2

where K 1(w) is the modi ed Bessel function of the third kind.

As a member of the family of generalized hyperbolic distribu tion, the NIG
distribution is in nitely divisible and thus generates a Le vy process (Lt)t o. For an
increment of length s, the NIG Levy process satis es

Li+s Lt NIG( ;;s;s ) (29)

Combined with the CIR clock change it produces a NIG-CIR mode |. The possible
values of the parametersare > 0; > 0; < | j, while can be any real number.

Below for convenience we use transformed variables, namely :

= P 2 2

The characteristic exponent of the NIG model reads

q
(W= + T T2 2 ( 4y (30)
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Results

We use these three models to compute fair value of the quadrat ic variation contract
on SMP500 index and Google on August 14, 2006. We calibrated t hem to the 480
available European option prices using di erential evolut ion - a global optimization
method. We found the following values of the calibrated para meters (see Tables (1-3)

Vo

0.019

1.572 0.038 0.504 -0.699

Table 1. Calibrated parameters of the Heston model

L L L VoL L L L L

1.2916 0.6515 2.1152 0.3366 -0.9998 0.2077 0.02396 1.8455
R R R VOR R R R R

6.7486 1.999 0.0004 0.0002 0.4049 0.0734 0.0029 0.5864

Table 2: Calibrated parameters of the SSM model

Vo

2.855

0.093

0.787

0.057

-0.987

0.897

7.533

-1.285

0.482

Table 3: Calibrated parameters of the NIGCIR model

Itkin, Carr, Pricing swaps and options on quadratic variati

on..., 14th Annual CAP Workshop, 2007. - p. 23/41




Results (continue)

Figure 1: Fair strike of SPX in Heston, NIGCIR and SSM models. Comparison with a log

| contract (as per Bloomberqg).
1
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Results (continue)

Figure 1. Same for Google
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Volatility swaps
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Volatility swaps

Similar to a contract on the quadratic variation, a volatili ty swap contract makes a
bet on the annualized realized volatility that is de ned as f ollows
\lﬁ - 2s 3
_ 1_pXh o1 T 1 p—
Vol (st) T—EQ (Sti St ; 1)2 T—EQ4 o ¢ dt 05 = ?EQ[ V], (31)

i=1

where V stays for the total annualized realized variance.
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Volatility swaps

Similar to a contract on the quadratic variation, a volatili ty swap contract makes a
bet on the annualized realized volatility that is de ned as f ollows
\d _ 2s 3
_ 1_pXh o1 T 1 p—
Vol (st) T—EQ (Sti St ; 1)2 T—EQ4 o ¢ dt 05 = ?EQ[ V1 (31)

i=1
where V stays for the total annualized realized variance.

Swishchuk (2004) uses the second order Taylor expansion for function P V obtained in
Brockhaus & Long (2000) to represent Egl V] via Eq[V] and Var[V] as

V arV

E [IO V] | Eo[V ] :
° ° 8(EqlV]) 32

(32)
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Volatility swaps

Similar to a contract on the quadratic variation, a volatili ty swap contract makes a
bet on the annualized realized volatility that is de ned as f ollows
N : 2s 5 3
Vol (st) iEQP X h(st. St )2I iE 4 ! dt S = iE [IO V] (31)
T . i i1 T © . t 0 T < 1

where V stays for the total annualized realized variance.

Swishchuk (2004) uses the second order Taylor expansion for function P V obtained in
Brockhaus & Long (2000) to represent Egl V] via Eq[V] and Var[V] as

V arV _
N

P q

Eql VI EqlV ] (32)
As we already showed for the CIR time-change the quadratic va riation process V
di er from that of the Heston model by the constant coe cient ( X)SO(O). Therefore,
V ar[V] in our case diers from that for the Heston model by the coe ci ent
[( )y (0)]2. Thus, for the Lévy models with the CIR time-change the fair v alue of
the annualized realized volatility is

T _ q 00 T )

Vol(st)= ( x)y (0) Voly (st); (33)
where V oly (st) is this value for the Heston model obtained by using the Eq. (3 2) and
Eqg. (20).
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Volatility swaps (continue)

A more rigorous approach is given by Jim Gatheral (2006). He u ses the following
exact representation

h [
hp _i 1 21 1 Ege ™
Eq V = —p—= NEET dx: (34)
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Volatility swaps (continue)

A more rigorous approach is given by Jim Gatheral (2006). He u ses the following
exact representation

h i
hp _i 1 21 1 Ege ™ . ;
E V. = —p— X: 4
Here .
h [ Z 1
Eo € Voo = Eo exp X Vi dt

0
is formally identical to the expression for the value of a bon d in the CIR model if one

substitutes there (; x(u)) with  Xx.
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Options on the guadratic variation
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Options on quadratic variation

Having known the values of Eg[V] and EQ[P V] we can price vanilla European options
on the quadratic variation using a log-normal method of Gath eral & Friz (2005). This
method, however, rst is an approximation, and second, for c omplicated models like
SSM, accurate computing of Eg] V] could be a problem.

D
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Options on guadratic variation

D

Having known the values of Eg[V] and EQ[P V] we can price vanilla European options
on the quadratic variation using a log-normal method of Gath eral & Friz (2005). This
method, however, rst is an approximation, and second, for c omplicated models like
SSM, accurate computing of Eg] V] could be a problem.

We intend to proceed in sense of Roger Lee (2004) and make use of the FFT method.
Let us denote z .

o0 1
Q(T) ¢ dt; ( x)y Q) =: (35)
0 T

For the CIR process the characteristic function  (u;T)  Eg[e¥? (T)] is known

B 2iuv g
(uT) = Ae°; B = ; (36)
+ coth( T= 2)
# 2
2
_ T _ - _ z 2 _ 2 . 2.
A = exp 5 cosh( T= 2)+ —sinh( T= 2) ; = 2iu ;
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Options on guadratic variation

Having known the values of Eg[V] and EQ[P V] we can price vanilla European options
on the quadratic variation using a log-normal method of Gath eral & Friz (2005). This
method, however, rst is an approximation, and second, for c omplicated models like
SSM, accurate computing of Eg] V] could be a problem.

We intend to proceed in sense of Roger Lee (2004) and make use of the FFT method.
Let us denote 7
T 00 1
Q(T) . ¢ dt; ( x)y (0 ¢ (35)

For the CIR process the characteristic function  (u;T) Eg[e“Q (T)] is known

B 2iuv g
(uT) = Ae°; B = ; (36)
+ coth( T= 2)
# 2
2
_ T _ - _ z 2 _ 2 . 2.
A = exp cosh( T= 2)+ —sinh( T= 2) ; = 2iu ;

2

Therefore, according to Lee (2004) the call option value ont he quadratic variation is
given by the following integral

log(K) £33 h i T T
C(KT )= = Re e M 9UK)1(v) dvi 1 (v)= Z ( - )Ié L @
0 + 1u

The integral in the rst equation can be computed using FFT, a nd as a result we get
call option prices for a variety of strikes.
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Other af ne activity rate models

In a one factor setting, Carr and Wu adopt a generalized versi

structure model proposed by Filipovic (2001), which allows

on of the a ne term
speci cation. The activity rate process

a more exible jump
t IS a Feller process with generator

Af(x)= Loy 00(x)+( a®  kx)f %x) (38)
Z , i
= ot f(x+y) f(x) f°(x)@"y) (m(dy)+ x (dy));
0

where a%= a + =+ (17 y)m(dy) for some constant numbers ;a 2 R*:;k2 R* and
0

nonnegative Borel measures m(dy) and (dy) satisfying the following condition:
z z

L@ry)m@dy)+ @ y®) (dy)< 1 (39)
Ro Ro

Itkin, Carr, Pricing swaps and options on quadratic variati on..., 14th Annual CAP Workshop, 2007. - p. 31/41



Other af ne activity rate models

In a one factor setting, Carr and Wu adopt a generalized versi

structure model proposed by Filipovic (2001), which allows

on of the a ne term
speci cation. The activity rate process

a more exible jump
t IS a Feller process with generator

Af(x)= Loy 00(x)+( a®  kx)f %x) (38)
Z , i
= ot f(x+y) f(x) f°(x)@"y) (m(dy)+ x (dy));
0

where a%= a + =+ (17 y)m(dy) for some constant numbers ;a 2 R*:k2 R* and
0
nonnegative Borel measures m(dy) and (dy) satisfying the following condition:
z z
L@ry)m@dy)+ @ y®) (dy)< 1 (39)
Ro Ro

Under such a speci cation, the Laplace transform of random t ime is exponential

L$t( x (U)) =exp[ (6t x(u)) (. x(u)) l;

(40)
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Other af ne activity rate models

In a one factor setting, Carr and Wu adopt a generalized versi
structure model proposed by Filipovic (2001), which allows
t IS a Feller process with generator

speci cation. The activity rate process

Af(x)= Loy 00(x)+( a®  kx)f %x)

h

= f(x+y)
+
Ro

f(x)

£9x)@ A y) (m(dy)+ x (dy));

on of the a ne term
a more exible jump

(38)

R
where a%= a + =+ (17 y)m(dy) for some constant numbers ;a 2 R*:k2 R* and
0

nonnegative Borel measures m(dy) and (dy) satisfying the following condition:

Z Z

L @ y)ym(dy)+
Ro Ro

Under such a speci cation, the Laplace transform of random t

Ly, ( x(u)=exp[  (t
with the coe cients (t; x(u); (t
di erential equations:
1 z
k(1) 2 2+

s -
2 Ro

%fty= x(u)

Z h
(= a (t)+

Ro

with boundary conditions (0)= (0)=0.

x (U)) (t

[
1 e Y D m(dy);

L@~ y?) (dy)< 1

x (U)) tl];

x (U)) given by the following ordinary

h [

1 ey MW (mary) (dy);

Ime is exponential

(39)

(40)

(41)
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Other af ne activity rate models

Theorem. Given the above conditions the annualized quadratic variat ion of the Lévy
process under stochastic time is

z

V = ! E ! dt ! EoqlV I; 42
QV (st) = = ol o ! 0] = olV] (42)
0 @ (t x(u) 0, @ (t x(u)
x)y (O 0;0 x)y (O 0;0):
( x)y (0 @@y (0;0) +( Ju (0) R (0;0)
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Other af ne activity rate models

Theorem. Given the above conditions the annualized quadratic variat
process under stochastic time is

Z

ilon of the Lévy

1 1
V(st)= — E dt — Ep[VI; 42
QV (st) T ol , 0] T olV] (42)
0 @ (t x(u) 0, @ (t x(u)
( x)y (0 o (0;0+( x),°(0) ———=(0;0):
@t@u @t@u
Proof. We prove it based on the idea considered in the previous secti ons. Namely, we again express
QV (st) via the forward characteristic function ti 1t (u), which is
iu (r ) 1 u i 1
6, gt (u)= e D Eqg LY ( x(u) o = Eqg expliu(r q) ;o oxu) (o x(u)

(43)

t]
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Other af ne activity rate models

Theorem. Given the above conditions the annualized quadratic variat ion of the Lévy

process under stochastic time is

Z

1 1
QV (st) = = Eol . ¢ dt 0l = EolV ] (42)
0 @ (t 4 (u) 0, @ (t x(u)
x)y (O 0;0 x)y (O 0;0):
( x)y (0 @@y (0;0) +( )y (0) @ (0;0)

Proof. We prove it based on the idea considered in the previous secti
QV (st) via the forward characteristic function ti 1t (u), which is
iu (r ) 1 u i 1
t; qt;(u)= e YV Eg LT ( x(u) o = Eq exp[iu(r q

Let us remind that 1 is a small parameter as well as (r q)
above expression in series on up to the linear terms to obtain
n
. 11, (W)= Eg exp[ (0; x(u)  (0; x(u) ¢]
1 @ (; x(u)) @ (; «x(

ons. Namely, we again express

(;  x(u)) (; x(u))
(43)
1. Therefore we expand the

u)) i .O

1+ i
u(r  q) 5 i 5

t]
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Other af ne activity rate models

Theorem. Given the above conditions the annualized quadratic variat ion of the Lévy
process under stochastic time is

QV (st) 1E[ZT dt ] 1E[V] (42)
St)= — — ;
t T Q 0 t 0 T Q
00 @ (t x(u) 0, @ (&t x(u)
( x)y (0 0;00+( x), (0) (0;0):
@t@u @t@u
Proof. We prove it based on the idea considered in the previous secti ons. Namely, we again express
QV (st) via the forward characteristic function ti 1t (u), which is
iu (r ) 1 u | 1
6, gt (u)= e DV Eqg LY ( x(u) o = Eq expliu(r q) Gox@)  Goox(u) il
(43)
Let us remind that 1 is a small parameter as well as (r q) 1. Therefore we expand the
above expression in series on up to the linear terms to obtain
n
. 11, (W)= Eg exp[ (0; x(u)  (0; x(u) ¢] (44)
h - u - u i O
e w g 20 x) @ (i x(u) o By
@ =0 @ =0
Note, that according to the boundary conditions O; x(u)= (O; x(u))=0 . Also from the
second equation in the Eq. (41) we see that 0( ;7 x(u)) (0; x(u)) =0 . Substituting these terms
into the Eq. (44) and computing @ ti gt (u):@zu(u =0) we nd
@2 t 1;ti(u) - E [ ] (45)
@ TE
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3/2 power clock change
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3/2 power clock change

In this section we consider one more class of the stochastic ¢ lock change. Despite it is
not a ne, it still allows variance swaps to be priced in a clos ed form. Originally this
model has been proposed in a simple form (long term run coe ci ent is constant) by
Heston Lewis (2000) to investigate stochastic volatility. Here we consider a more
general case when the long-term run could be either a determi nistic function of time,
or even a stochastic process.
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3/2 power clock change

In this section we consider one more class of the stochastic ¢ lock change. Despite it is
not a ne, it still allows variance swaps to be priced in a clos ed form. Originally this
model has been proposed in a simple form (long term run coe ci ent is constant) by
Heston Lewis (2000) to investigate stochastic volatility. Here we consider a more
general case when the long-term run could be either a determi nistic function of time,
or even a stochastic process.

Let the futures price F of the underlying asset be a positive continuous process. By
the martingale representation theorem, there exists a proc essv such that:

— = vidZyi; t 2 [0;T]; (46)

where Z is a Q standard Brownian motion.
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In this section we consider one more class of the stochastic ¢ lock change. Despite it is
not a ne, it still allows variance swaps to be priced in a clos ed form. Originally this
model has been proposed in a simple form (long term run coe ci ent is constant) by
Heston Lewis (2000) to investigate stochastic volatility. Here we consider a more
general case when the long-term run could be either a determi nistic function of time,
or even a stochastic process.

Let the futures price F of the underlying asset be a positive continuous process. By
the martingale representation theorem, there exists a proc essv such that:

— = vidZyi; t 2 [0;T]; (46)

where Z is a Q standard Brownian motion.
In particular, let us assume the risk-neutral process for in stantaneous variance to be:

3=2

dvi = v ¢( ¢t vi)dt + Vi dWy ; t2[0;TI (47)

where W is a Q standard Brownian motion, whose increments have known cons tant
correlation 2 [ 1;1] with increments in the Q standard Brownian motion Zi, i.e.

dZidW¢ = dt; t 2 [0;T]: (48)
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3/2 clock change (continue)

The 3/2 power speci cation for the volatility of v is empirically supported. The v
process is mean-reverting with speed of mean reversion v ¢, where is known. The
reason that the speed of mean-reversion is proportional rat her than constant is
primarily for tractability
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3/2 clock change (continue)

The 3/2 power speci cation for the volatility of v is empirically supported. The v
process is mean-reverting with speed of mean reversion v ¢, where is known. The
reason that the speed of mean-reversion is proportional rat her than constant is
primarily for tractability

In fact, when  is a deterministic function of time (let us remind that Hesto n and
Lewis explored just the case = const), the process Eq. (47) is more tractable than

the usual Heston dynamics, since we will show that there exis ts a closed form solution
for the characteristic function of the log price.
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reason that the speed of mean-reversion is proportional rat her than constant is
primarily for tractability

In fact, when  is a deterministic function of time (let us remind that Hesto n and
Lewis explored just the case = const), the process Eq. (47) is more tractable than
the usual Heston dynamics, since we will show that there exis ts a closed form solution
for the characteristic function of the log price.

In contrast, for the Heston model where the long run mean { is a deterministic
function of time, there is no closed form formula for the char acteristic function of the
log price.
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3/2 clock change (continue)

The 3/2 power speci cation for the volatility of v is empirically supported. The v
process is mean-reverting with speed of mean reversion v ¢, where is known. The
reason that the speed of mean-reversion is proportional rat her than constant is
primarily for tractability

In fact, when  is a deterministic function of time (let us remind that Hesto n and
Lewis explored just the case = const), the process Eq. (47) is more tractable than
the usual Heston dynamics, since we will show that there exis ts a closed form solution
for the characteristic function of the log price.

In contrast, for the Heston model where the long run mean { is a deterministic
function of time, there is no closed form formula for the char acteristic function of the
log price.

As a bonus, when vg > 0 and the process is positive, then the process Eq. (47)
neither explodes nor hits zero. In contrast, the Heston proc ess can hit zero for some
parameter values,which is unrealistic.
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3/2 clock change (continue)

The 3/2 power speci cation for the volatility of v is empirically supported. The v
process is mean-reverting with speed of mean reversion v ¢, where is known. The
reason that the speed of mean-reversion is proportional rat her than constant is
primarily for tractability

In fact, when  is a deterministic function of time (let us remind that Hesto n and
Lewis explored just the case = const), the process Eq. (47) is more tractable than
the usual Heston dynamics, since we will show that there exis ts a closed form solution
for the characteristic function of the log price.

In contrast, for the Heston model where the long run mean { is a deterministic
function of time, there is no closed form formula for the char acteristic function of the
log price.

As a bonus, when vg > 0 and the process is positive, then the process Eq. (47)
neither explodes nor hits zero. In contrast, the Heston proc ess can hit zero for some
parameter values,which is unrealistic.

Although our primary motivation for proportional speed of m  ean-reversion is
tractability, nonlinear drift in the v process is also empirically supported.
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3/2 clock change (continue)

The 3/2 power speci cation for the volatility of v is empirically supported. The v
process is mean-reverting with speed of mean reversion v ¢, where is known. The
reason that the speed of mean-reversion is proportional rat her than constant is
primarily for tractability

In fact, when  is a deterministic function of time (let us remind that Hesto n and
Lewis explored just the case = const), the process Eq. (47) is more tractable than
the usual Heston dynamics, since we will show that there exis ts a closed form solution
for the characteristic function of the log price.

In contrast, for the Heston model where the long run mean { is a deterministic
function of time, there is no closed form formula for the char acteristic function of the

log price.

As a bonus, when vg > 0 and the process is positive, then the process Eq. (47)
neither explodes nor hits zero. In contrast, the Heston proc ess can hit zero for some
parameter values,which is unrealistic.

Although our primary motivation for proportional speed of m  ean-reversion is
tractability, nonlinear drift in the v process is also empirically supported.

In the CIR model the stochastic time change is linear in drift . Therefore, the variance
swap fair value is independent of how the volatility of  V: is speci ed. In contrast,
when the drift of V; is nonlinear, e.g. quadratic then the answer depends on how t he
volatility of V; is speci ed.
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CF

We show that the conditional Laplace transform of the risk-n  eutral density of the
realized quadratic variation is given by:

ch(:1 ) Ltv)= ( ) 2 Moo (49)
’ ! ’ ( ) 2|tV L 2|tV ,
where S
1 1 2
-+ — + —+ — +2 —:
2 2 2 2 2
and h [
2 +1+ — ;
and 2o ae
I e t (W)du g0 (50)
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CF

We show that the conditional Laplace transform of the risk-n  eutral density of the
realized quadratic variation is given by:

() 2 o2

L,. . —
C-(;l¢t) L(tv)= = T M TR (49)
where S
1 1 2
-+ — + —+ — +2 —:
2 2 2 2 2
and h i
2 +1+ -
and Z——
I e t (u)du g0 (50)
t
To derive a closed-form solution for the variance swap price under the stochastic
3=2-power clock change. we again follow our method. Now = (t) is a known
deterministic function of time. Again we consider the forwa rd characteristic function
of an arbitrary Levy process with the characteristic expone nt (u) under the
stochastic clock change determined by the "3/2-power" law.  Similarly to Eq. (44)
o= e W By LY u) o =Eg ™" P et )y, o ; (51)
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3/2 model (continue)

Now we make an assumption that (t) 1 is a small parameter. This is a
generalization of the assumption 1, that we made for the CIR clock change, for
the case of the "3/2- power" model. Therefore, we expand the a bove expression in

series on (t) up to the linear terms.
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Now we make an assumption that (t) 1 is a small parameter. This is a
generalization of the assumption 1, that we made for the CIR clock change, for
the case of the "3/2- power" model. Therefore, we expand the a bove expression in
series on (t) up to the linear terms.

First of all, expansion of |, ;, reads

i, =+ () 2+ 0(?); (52)
and therefore
_ 2 2 .
z 2|t| Vi 2 V t (
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3/2 model (continue)

Now we make an assumption that
generalization of the assumption

(t)

1 is a small parameter. This is a
1, that we made for the CIR clock change, for

the case of the "3/2- power" model. Therefore, we expand the a bove expression in

series on (t) up to the linear terms.

First of all, expansion of 1¢, , reads

i, = + () 2+0(? (52)
and therefore
_ 2 2 .
‘ 2| t; 1Vt 2 vy {
As per Abramowitz & Stegun (1964) (13.5.1) an asymptotic exp ansion series for
M( ; ;z) atlarge jzj reads
i 23( 1 3
M S0, a7 B ey e g 5 R (54
(b a) 0 =0 n!
, 2%( . 3
¢ S (b)z 4 ( )n (1 )”( z) "+ 0 jzj S 5; §<argz< e
( a) n =0 n! 2
We keep the rst two terms in these series with n =0;1
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3/2 model (continue)

Now we make an assumption that (t) 1 is a small parameter. This is a
generalization of the assumption 1, that we made for the CIR clock change, for
the case of the "3/2- power" model. Therefore, we expand the a bove expression in
series on (t) up to the linear terms.

First of all, expansion of 1¢, , reads

i, =+ () 2+ 0(?); (52)
and therefore
_ 2 2 =
‘ 2| t; 1Vt 2 vy {

1

As per Abramowitz & Stegun (1964) (13.5.1) an asymptotic exp ansion series for

M( ; ;z) atlarge jzj reads
i 2%( 1 °
W eme e (b)Z 4 ( )n(1+ )n( z) "+0 jzj R 5 (54)
(b a) N =0 n!
z 2%( 1 °
LD KT @ o n g i S s 3 lage S
(a) o n! 2 ?

We keep the rst two terms in these series with  n =0;1 Further, omitting a tedious
algebra and remembering that (0)= 1 we nd that

@ t 1;ti(u)
@L? u=0

=( x)JX0) Egl v ¢; I: (55)
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3/2 model (continue)

Using this formula together with the Eq. (6) we obtain exactl y the same result as for
the CIR process, i.e.

X h i Z 1

0o 1 _ 00 _ 00
QV (st) =( x)u(O)? Eq i 110 ( x)y (0) Eg tdt j o ( x)y (0) EgIVI:

(56)

1
P21 T o
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3/2 model (continue)

Using this formula together with the Eq. (6) we obtain exactl y the same result as for
the CIR process, i.e.

oo 1 X h o 00 147 _ 00
QV (st) = ( x)u(O); Eq ; 1) o0 ( x)y 0)Eq = tdt j o ( x)y (0) EqIVI:
i=1
(56)

The only di erence is that now Eql[V ] is computed using the "3/2-power” law, rather than the CIR

process. This can be done by using the conditional Laplace tr ansform of realized variance which

for this process is available in the closed form (ltkin & Carr , 2007). Indeed, we have

Rt d
L(tv) Eq e t Vudl vy = v o v 0t 2][0;T]

Itkin, Carr, Pricing swaps and options on quadratic variati on..., 14th Annual CAP Workshop, 2007. - p. 38/41



3/2 model (continue)

Using this formula together with the Eq. (6) we obtain exactl
the CIR process, i.e.

y the same result as for

oo 1 X h o 00 147 _ 00
QV (st) = ( x)u(O); Eq ; 1) o0 ( x)y 0)Eq = tdt j o ( x)y (0) EqIVI:
i=1
(56)
The only di erence is that now Eql[V ] is computed using the "3/2-power” law, rather than the CIR
process. This can be done by using the conditional Laplace tr ansform of realized variance which
for this process is available in the closed form (ltkin & Carr , 2007). Indeed, we have
Rt
L(tv) Eq e t Vuduoy ooy v 0t 2][0;T]
and thus
27 @L(t;v)
EolV] Eg Vydu vy = vg = @ - (57)
L t | ; | I#
2 2 o 2 0 2
= log 5 aF @) 2m (03150 0,2 ; m (1:0:0) 0,2 ; 5 ¢
It Vo 2 ) I 1 Vo I 1 Vo @
! 0 I#
2 2 Q- 2 2
= log 5 + @) M (1:0:0) 0;2 ; 5
I T Vo 2 ) T Vo 2 +
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Using this formula together with the Eq. (6) we obtain exactl y the same result as for

the CIR process, i.e.
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(56)
The only di erence is that now Eql[V ] is computed using the "3/2-power” law, rather than the CIR
process. This can be done by using the conditional Laplace tr ansform of realized variance which
for this process is available in the closed form (ltkin & Carr , 2007). Indeed, we have
Rt
L(tv) Eq e t Vuduoy ooy v 0t 2][0;T]
and thus
27 @L(t;v)
EolV] Eg t Vydu vy = vg = @ - (57)
7 | ; | I#
2 2 o 2 0 2
= og g o+ =) om @0 gp . 2 @00 gy =
It Vo 2 ) I 1 Vo I 1 Vo @
! 0 I#
2 2 Q- 2 2
= log ——F+— + @) M (1:0:0 0,2 ; 5 R
I T Vo 2 ) T Vo 2 +
where
=1+ —; | ¢ e o (u)dugO
2 0
M (1:0:0) - -y s the derivative of M(:: )on ,MOLO . yis the derivative of
M(;; Jon , % ) d(x)=dxjx=2 ,and M ©@:%0@;:. y=0.
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Conclusion
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Conclusion

We considered a class of models that are known to be able to captire at least
the average behavior of the implied volatilities of the stoc k price across
moneyness and maturity - time-changed Levy processes.
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We considered a class of models that are known to be able to captire at least
the average behavior of the implied volatilities of the stoc k price across
moneyness and maturity - time-changed Levy processes.

We derived an analytical expression for the fair value of the quadratic
variation and volatility swap contracts as well as used Lee' s approach (similar
to that of Carr, Madan (1999)) to price options on these produc ts.
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Conclusion

We considered a class of models that are known to be able to captire at least
the average behavior of the implied volatilities of the stoc k price across
moneyness and maturity - time-changed Levy processes.

We derived an analytical expression for the fair value of the quadratic
variation and volatility swap contracts as well as used Lee' s approach (similar
to that of Carr, Madan (1999)) to price options on these produc ts.

We found that the variance swap fair value V is essentially determined by the
clock change process, rather than the underlying Levy process. The former
produces the ansatz of the dependencyV (T) while the later gives a constant
multiplier to this ansatz.
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Conclusion

We considered a class of models that are known to be able to captire at least
the average behavior of the implied volatilities of the stoc k price across
moneyness and maturity - time-changed Levy processes.

We derived an analytical expression for the fair value of the quadratic
variation and volatility swap contracts as well as used Lee' s approach (similar
to that of Carr, Madan (1999)) to price options on these produc ts.

We found that the variance swap fair value V is essentially determined by the
clock change process, rather than the underlying Levy process. The former

produces the ansatz of the dependencyV (T) while the later gives a constant
multiplier to this ansatz.

We considered several examples which includes the Heston modl, SSM,
NIGCIR for the CIR clock change, and 3=2-power clock change.
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Thank you!
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