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Outline

- Extract risk-neutral distribution under maximal uncertainty.

« Estimating risk-neutral distributions from an one-parameter

family of distance measures between probability distributions.

 Deriving risk-neutral distributions using extended power utility

functions.

Is the implied volatility skews of index options justified by
historical data?

Ranking equity options using strike-adjusted spread.

Valuing options on basket of stocks.

Forecast the shape of smile and end-of-day mark to market.

Summary
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Motivation

Representative implied volatility skews of S&P 500 options. (a) Pre-
crash. (b) Post-crash.
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Can the volatility skew be extracted from realized
historical returns?

For a given stock or stock index, how is an investor tc
know which strike and expiration provides the best
value?

What metric can options investors use to gauge their
estimated excess return?

What is the appropriate volatility surface for an illiquid
basket?

Suppose an investor is interested in buying a 10% out-of-the-money pt
and selling a 10% out-of-the-money call on a basket of bank stocks. Tl
basket consists of equal number of shares of 5 stocks: Bank One, Cha
JP Morgan, Wells Fargo and Bank of America.

Bank Basket = ONE + CMB + JPM + WFC + BAC

Can we forecast the shape of a skew curve when one
the options’ implied volatility has changed?
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Implied Volatility Skew <% Skewed Distribution

Quantit_ative<§§ (S&P 500 index option implied three-month distribution and the correspond-
Strategies ing implied volatility skew as of 3/10/99)
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Empirical Distribution

- Step 1: get realized stock price time series.
- Step 2: estimate the rolling T-period return histograrn

and calculate the empirical distribution of the stock
returns

R, = log E—S—S—[;%

If Rfalls in thejth bin, increase the count in thih bin by
one. The final count in the bin is a good estimate of th
probability P(R).

—
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Histogram and empirical distribution

R = Iog(i )

t-T

P S

T-period Returns

-

Probability [1 "bean counts" in the return bins.
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S&P 500 Three-Month Empirical Distribution

Realized Distribution
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Can we use the empirical distribution to estimate the
risk-neutral distribution?
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Uncertainty and Market Equilibrium

Consider two binomial distributions:

P=99% P=50%

1-p=1% 1-p=50%

- X is far more predictable than Y,

« X Is not stable (more bulls than bears),

Y is most uncertain about the future market movements,
Y is more stable (equal number of bears and bulls) and
- Y is likely to be the market equilibrium distribution!

The equilibrium distribution tends to be far less certa
about the direction of future market movement.
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Information and Probability

- Probability measures the uncertainty about a single random event
- Entropy measures the uncertainty of a collection of random events.

Consider a stock whose next move may be up or down:

up probability p
stock <
down probability 1-p
Information conveyed by an up move(up) = —logp

Information conveyed by a down move:l (down) = —log(1—p)

If p=1, then an up-move conveys no information at all!

If everyone expected the stock to go up, and it actually
moves down, the outcome is more informative.
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Entropy and Probability Distribution

It Is the expected amount of information of all possible
outcomes

S(p = —{plogp+(1-p)log(l-p)]

This entropy is maximized ifp=50%:

Maximum Entropy <« Maximum Uncertainty

The risk-neutral distribution we are seeking contains

more states than the simple up and down states and th
IS more complicated than the example. But the basic

idea is similar.

usS




g’oldman Extract Risk-Neutral Distribution by
achs Minimizing Relative Entropy

Maintain maximum uncertainty while satisfying the forward
Quantitative<§§ condition

Strategies

Relative-Entropy FunctionS(P, Q = ZQ(R)IogggR’E
Minimize S(P,Q)subject to the forward condition:
S€ = T Se QR)

The minimum relative entropy method will change the
shape of the prior distribution in theast prejudicial
way so as to satisfy the forward condition.
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The solution to the minimization problem is:

Strategios |+ <=
P(S,0;S,, T)

A0, Y, 9, = —A
(S, 0;Sr, T) IP(S)exp(—)\S)dSeXp( Sr)

where the constant  can be found numerically by solving the forward con-
straint

[Q(S, 0:Sp, T)SrdS; = Se”’

whereP is a given prior distribution.

Page 14 of 44
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An One-parameter Family of Distance
Measures Between Probability Distributions.

Reference: Huaiyu Zhu, “Bayesian Geometric Theory of Learning
Algorithms”, Santa Fe Institute Working paper, 1995.

Consider the followingnformation Deviatiorwith parameter
o0(0, 1)

_ (Op+(1-8)gq-pq°
S(S(P1 Q) - J. 6(1—6) ds

The deviationS, and®, are defined as limitdas 0 and 1

S(P. Q) = $(Q.P) = [Pplogi s
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It's straightforward to show tha&t;(P, Q) has the properties of
square distances:

S5(P, Q)20
S(P, Q=0+ P=Q
S(aP, aQ= aS(P, Q)
S5(P, Q)= S1-5(Q, P)

Minimizing S;(P, Q), subject to the risk-neutral constraint yields

Qs(s|9) = P(s]| $)[Co(d) + Ci(B)s]™°
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where the constanty, awg for a givesolve the following
constraints:

J'P(s| s)[co + c,;8] " °ds= 1

IS P(g%)[Co + €8] °ds= g€

In the next section, we derive the risk-neutral distribution using an

derivatives asset allocation model based on a class of extended pow
utility functions: (See Robert C. Merton)

U(W) = I-X—V[%+$W§y—1}

wherey Z0 ,b>0 ,anda = 1 iff - o (corresponding to the

exponential utility). The limitas/ — 1 leads to the log-utility. It can
be shown that the risk-neutral density obtained using the utility

function with exponeny, is the same a5 withy = 1/0.

er
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Derivatives Asset Allocation and Risk-Neutral
Distributions Based on Extended Power Utility
Functions

Consider an economy in equilibrium;
- A representative investor with initial wealt,

- The investor has a market view expressed through a conditional
densityP(S,, 0;S5;, T)

- An Arrow-Debreu security with parameter E has a price
given by

(S tE T) = DQ(S tE T)

whereD = 1/(1+r;) isthe discount factor, afd(S t E T)

IS the risk-neutral density.

- Let a be the portion of wealth allocated to riskless bonds
and (1-a) be the portion allocated to risky assets.

- Let w(E)dE be the portion of the (1-a) that is invested in
Arrow-Debreu security with parameter E.

- At the end of period, the total investor wealth will be
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Wr(Sr) = Wol1+ar +(1-a)[w(E)re(Sr)dE]

where
_NS,TEN-T(S,tET) _  3(S—E)
ST e tE “DQGBTET
and

- If the allocationy,g)de Is changed, the supply and

JAEN(B)Q(S, LE, T) = 1y

1

demand for the Arrow-Debreu security will also

change and thus the shape of the risk-neutral densi
functionQ(s, t;E, T) will also change. Therefore, to
achieve a market equilibrium, we must solve the as

ty

Set
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allocation problem by maximizing the expected
utility uU(ws):

Max { E[U(Wr)]}
{a, w(E), Q(E)}

subject to

budget constraint: Iw(E)dEz 1
normalization: J’Q(E)dE: 1
forward constraint:IQ(E)EdE:SO(l +r;)
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Solving the optimization problem

U'(W:(Sr))
Eo[U'(Wr)]

QS S, T) = P(& S, T)

where

Wr(E) = Wol a(L+70)+ (1 a)D‘*’é(Eé)]

and

A
Wo(1—a)ry

Es[U'(Wr)] =
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Ay

Es[U'(Wr)re(Sr)] = Wo(1—a)

Ww(E) _ I [A_zﬂ_sE]

Q(E) 1+rA; A,
A,  Ag _1+ry
}\1+)\180(1+rf) - rf

We now specialize in exponential utility:
U(W;) = —exp(-bW;) with b>0

The final results:

Q(S’ t,E, T) — P(Sl t1E’ T) eXp(CO_ClE)
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where the constarmf and c, are to be determined
by the normalization and forward price con-
straints

[Q(S, 08, T)S:dS; = Se'’
[Q(&,0:8, T)dS; = 1

and they are independent of the parameter, b,
of the utility function. They only depend on the
prior distribution P, and the constraints. The
parameter, b, is characteristic of the represen-
tative investor’s risk aversion. It is essential
that the risk-neutral distribution be indepen-
dent of the investor’s risk aversion!
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Finally, the representative investor’s allocation of
Arrow-Debreu security with parameter E, w(E),
can be calculated using ¢y and ¢4

The most important feature of this solution to
the asset allocation problem is that the risk-neu-
tral probability density function Q(S,t;S;, T) Is of
the same form given by the minimum relative
entropy approach. This is true for the extended
power utility, provided that we use the general-
I1zed relative entropy with the proper choice of
the parameter

0=1/y (the proof follows the same as above).
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Is the Volatility Skews of Index Options
Justified by Historical Data?

- Justified: Fair risk-neutral expected value using the

empirical distribution as a prior.

/ empirical distribution
—/ ; -

riskless re{urn mean historical return
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Calculate the expectation of option’s payoff at
expiration

Er[Cy[S] = 5 max se —K, 0)Q(R)

Discounting the expectation, and extracting the
implied volatility from the Black-Scholes formula.

e_rTET[CK‘S] =BSS K Trdxq)

Repeating this for all strikes and maturities, we
extract an implied volatility surface from the
historical return distribution.




g!:(lllglan SPX Pre-crash and Post-crash Distributions

Quantitative
Strategies <§§
mean =1.8% | mean = 3.3%
< {std. div. = 7.3% © {std. div. = 7.8%
L() 4
m 4
S S
2 2
2 2
o N o @1
o o
o o
N 4
- 4
‘_| 4
o o
-20 0 20 -20 0 20
Index Return (%) Index Return (%)

Page 27 of 44




oldman
achs

Quantitative
Strategies <§§

Page 28 of 44

FTSE “Fair” Skew (9/30/98 - 12/18/98)

"5l Guastiative Strategies - StatiSkew 10 - individual Stock § kew Calculator

i | Data Virw | Load | Ae-Cale. | Pent | Ovar | Properties | Exit | Hels |

Fair Skew by Deltas

Bl ol ey (%)
Bl Wkl {750
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- Applications of our model to S&P 500 index and DAX,
ST and FTSE-100 index show thétk slope of the skews
Strategies = are approximately fair!

Note: The absolute levels of implied volatility can vary dramatically over
time, the slope of the skew is relatively stable.

Size of skew: compare actual data with model results. (25 delta put-25 delta call)

Index Normal Spread* Recent Spread “Fair” Spread
(25p -25c¢) (25p-25c¢) (25p-25c¢)

SPX 4-7% 14% 6.0%

DAX 3-6% 10% 3.5%

FTSE 2-6%. 10% 4.0%

*three-year data from October 95 to September 98 for three month options.

Page 29 of 44
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The SAS of a stock option is calculated as follows.

— 1.First, choosing some historically relevant period, we obtain the
Quantitative . . . . . ..

Strategies <§ distribution of stock returns over time T. This empirical return
distribution characterizes the past behavior of the stock.

2.We use the empirical return distribution as a statistical prior to
provide us with an estimate of the risk-neutral distribution by
minimizing the entropy associated with the difference between
the distributions, subject to ensuring that the risk-neutral distri-
bution is consistent with the current forward price of the stock.
We call this risk-neutral distribution obtained in this way the
risk-neutralized historical distribution, or RNHD.

3.We then use the RNHD to calculate the expected values of stan-
dard options of all strikes for expiration T, and convert these val-
ues to Black-Scholes implied volatilities. We denote the Black-
Scholes implied volatility of an option whose price is computed
from this distribution as 2. This is our estimated fair option vol-
atility.

Page 30 of 44
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4.For an option with strike K and expiration T, whose mar-
ket implied volatility is 2(K,T), the strike-adjusted
spread in volatility is defined as

SAI K T = 2(K, T)-24(K, T)

This spread is a measure of the current richness of the
option based on historical returns.

5. We often use a modified version of SAS for which the risk-
neutralized historical distribution is further constrained to
reproduce the current market value of at-the-money options.
We call this (additionally constrained) distribution the at-
the-money adjusted, risk-neutralized historical distri-
bution, or RNHDatp- The strike-adjusted spread com-

puted using this distribution, denoted SAS (K, T) ,isa

measure of the relative value of different strikes, assuming
that, by definition, at-the-money-forward implied volatility
Is fair.
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SAS(K, T)lk =S — 0
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Use sASu(K, T) to Rank Equity Options

on the same underlyer, in order to determine which strikes
provide the best value by historical standards.

Page 32 of 44



FIGURE 1. (a) Fair and market skews for S&P 500 index options on May 18,
1999. (b) SASamy for the same options.
The options considered expire on September 17, 1999. Both fair and
market implied volatilities are constrained to match at the money,
P forward. The RNHD is constructed using returns from May 1987 to May
gg_g?;&igveg 1999, including the 1987 crash.
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ams FIGURE 2. (a) Fair and market skews for S&P 500 index options on May 18,
1999. (b) SASam\ for the same options.

The options considered expire on September 17, 1999. Both fair and market
implied volatilities are constrained to match at the money, forward. The
RNHD is constructed using returns from May 1988 to May 1999, thereby
excluding the 1987 crash.
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FIGURE 3. Re-evaluated SASm on June 21, 1999 for September 17, 1999
S&P 500 options. The top two figures correspond to the crash-inclusive
distributions of Figure 1.; the bottom two correspond to the crash-
exclusive distributions of Figure 2..
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- Estimate Basket Volatility - the old way

Quantitative
Strategies <§

05 = Zwizoi2 + 22 Zwiwjpij 0,0,
i ]

I <]

where,w; is the weight of stock i in the basket, aﬁwd IS the correlation

between stock i and stock j.

Problems:

- Component stocks usually do not follow the log-normal process as
the implied volatility skews show. Neither does the basket.

- The correlations between stocks can vary with the market volatility.
- No obvious way of estimating volatility skews of the basket.

Page 36 of 44




g()l(]man Correlations and the Market Volatility

Consider two stocks whose returns may be linked to the market
return via CAPM:

Quantitative
Strategies <§ _
- Blrm + 81

r, = Barm+ ¢,

where(y. €5) are the “tracking errors”, and  Is the market
return. It's easy to see the correlation

[315202
P(ry,ry) =
JB20% + €1, /B20% + €5

Increases as a function of the market volatility.

Page 37 of 44
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Basket Volatility Skews - the new way

We are interested in valuing European options on a
basket whose spot priceSs

Cv (S t) = € " VE[ PayoffatT|S,

whereQ is the risk-neutral probability distribution
whose mean Is the riskless interest rate.

The distribution Q Is calculated by
minimizing the relative entropy using the
empirical distribution of the basket as a prior.

P
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- For the bank basket shown at the beginning, the
Strategies . <= volatility spread between the 10% OTM call and
the 10% OTM put is almost 7 vol. points!

- We compare the market implied skew of BKX
iIndex with the skew calculated by our model. The
size of skew seen from the market is almost
identical to that predicted by our model, even
though the actual level of the volatility is off by
roughly 5 points.
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<

The estimated fair three-month implied volatility skew for the

basket of five bank stocks listed in the text, estimated from the risk-
neutralized historical distribution using returns from June 1987 to June
1999
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g’oldman Forecast the Shape of the Skew From A Change in A
achs Single Option Price

- How to adjust quotes for other options on a skew curve
Quantitative < given that one of the options has traded away?

Strategies
- End-of-day mark to market in the presence of stale
option prices.
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MIH%S(Q Q EQ[IOQEQ(S)D]E

~ reT
Quantiative S.T. [Q(S)SdS; = e

C(K,, T) = e_rfTIMax[Sr—Kj, 01O(S;, T[S, 0)dS;

whereQ is the original implied distributior@ IS the

forecasted distribution, ar@  is the new option price for
strikeK;.

s Tos o) = ASHTiS 0)expl-AiS; — 2, f ()]
A5 1O [QUSexp[-A1S-2.f(9)]dS

Wherefj(S) = Max(S- K, 0) .
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Example: updated distribution and volatility skews
after one volatility on the skew curve has changed
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- For the pre-crash period, our method produces no
appreciable skew. For the post-crash period, the model

Quantitative - produces significant skew that is comparable with the

’ observed market data.

. Strike-adjusted spread as a gauge of the relative richness
of equity options.

- Particularly useful for valuing OTC options on single
stock or on a basket of stocks.

- The method may be used to forecast the change of smile
when some of the options have traded away.

- It may be helpful for volatility traders to mark to market
at the end of trading days with stale option prices.

- An equilibrium asset allocation model of Arrow-Debreu
securities with a class of utility functions yields the same
risk-neutraldistributions as those obtained by
minimizing a class of generalized relative entropy
function.
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